Abstract. We prove that Jordan triple elementary surjective maps on unital rings containing a nontrivial idempotent are automatically additive.
The first result about the additivity of maps on rings was given by Martindale III in an excellent paper [6] . He established a condition on a ring R such that every multiplicative bijective map on R is additive. More precisely, he proved the following theorem.
Theorem 1.
( [6] ) Let R be a ring containing a family {e α : α ∈ Λ} of idempotents which satisfies:
(i) xR = {0} implies x = 0; (ii) If e α Rx = {0} for each α ∈ Λ, then x = 0; (iii) For each α ∈ Λ, e α xe α R(1 − e α ) = {0} implies e α xe α = 0. Then any multiplicative bijective map from R onto an arbitrary ring R ′ is additive.
As a corollary, every multiplicative bijective map from a prime ring containing a nontrivial idempotent onto an arbitrary ring is necessarily additive.
During the last decade, many mathematicians devoted to study the additivity of maps on rings as well as operator algebras. In this paper we continue to investigate the additivity of Jordan triple elementary maps on rings.
We first define Jordan triple elementary maps as follows.
Definition 2. Let R and R ′ be two rings, and let M : R → R ′ and M * : R ′ → R be two maps. Call the ordered pair (M, MLemma 5. Let a = a 11 + a 12 + a 21 + a 22 ∈ R.
(i) If a ij t jk = 0 for each t jk ∈ R jk (1 ≤ i, j, k ≤ 2), then a ij = 0. Dually, if t ki a ij = 0 for each t ki ∈ R ki (1 ≤ i, j, k ≤ 2), then a ij = 0.
(ii) If t ij a + at ij ∈ R ij for every t ij ∈ R ij (1 ≤ i = j ≤ 2), then a ji = 0 (iii) If a ii t ii + t ii a ii = 0 for every t ii ∈ R ii (i = 1, 2), then a ii = 0; (iv) If t jj a + at jj ∈ R ij for every t jj ∈ R jj (1 ≤ i = j ≤ j), then a ji = 0 and a jj = 0.
Dually, if t jj a + at jj ∈ R ji for every t jj ∈ R jj (1 ≤ i = j ≤ j), then a ij = 0 and a jj = 0. Proof. We first prove that M is injective. Suppose that M(a) = M(b) for a, b ∈ R.
We write a = a 11 + a 12 + a 21 + a 22 and b = b 11 + b 12 + b 21 + b 22 .
For arbitrary t ij ∈ R ij , there exists x(i, j) ∈ R ′ such that M * (x(i, j)) = t ij since M * is surjective. For any c ∈ R, we now compute
Therefore, we have
Letting i = j = 1 and c = e 1 in the above equality, we have at 11 + t 11 a = bt 11 + t 11 b, which leads to a 11 t 11 + a 21 t 11 + t 11 a 11 + t 11 a 12 = b 11 t 11 + b 21 t 11 + t 11 b 11 + t 11 b 12 . Consequently,    a 11 t 11 + t 11 a 11 = b 11 t 11 + t 11 b 11 , a 21 t 11 = b 21 t 11 , t 11 a 12 = t 11 b 12 .
By Lemma 5, we get a 11 = b 11 , a 21 = b 21 and a 12 = b 12 .
We now let i = 1, j = 2 and c = e 1 in equality (1), then we get We now turn to show that M * is injective. Let x, y ∈ R ′ such that M * (x) = M * (y). Since M is already shown to be bijective, there exist a, b ∈ R such that a = M −1 (x) and b = M −1 (y). We write a = a 11 + a 12 + a 21 + a 22 and b = b 11 + b 12 + b 21 + b 22 . For any t ij ∈ R ij and d ∈ R, by the surjectivity of M * M, there are c(i, j) ∈ R and
We consider
With the same argument used in showing the injectivity of M, one can easily get a = b. Therefore, x = y, this completes the proof.
for all a, b ∈ R and x ∈ R ′ .
Proof. From
we can directly get
The rest of the proof follows similarly.
The following result will be used frequently in this note.
for all t, s ∈ R Proof. For every t, s ∈ R, by Lemma 7, we have
Thus
By Lemma 5, we have c ji = 0 and c ii = a ii . Now for any t jj ∈ R jj and d ji ∈ R ji , using Lemma 8, we have
It follows that
By Lemma 7 we can infer that (ii) holds.
Similarly, we can get the following result.
Proof. We only prove (i) and (iii (ii) and (iv) follow from (i) and (iii) respectively by Lemma 7.
Lemma 12. For any a 12 , b 12 ∈ R 12 , we have
Proof. We only show (i). We pick c = c 11 + c 12 + c 21 + c 22 ∈ R such that M(c) = M(a 12 ) + M(b 12 ). For any t 11 ∈ R 11 and s 22 ∈ R 22 , we have 
Proof. Let c = c 11 + c 12 + c 21 + c 22 ∈ R be chosen such that
For any t 22 ∈ R 22 and s 11 ∈ R 11 , using Lemma 8 and Lemma 11, we have 
Proof. We only prove (i). Pick c = c 11 + c 12 + c 21 + c 22 ∈ R such that M(c) = M(a 11 ) + M(b 11 ). Letting i = j = 1 in the above equality, we get t 22 c 21 s 11 + s 11 c 12 t 22 = 0, it follows that c 21 = c 12 = 0.
If we let i = 2 and j = 1 in equality (2), then we get t 22 c 22 s 21 + s 21 c 12 t 22 = 0. Therefore c 22 = 0.
To complete the proof it remains to show that c 11 = a 11 + b 11 . For arbitrary t 12 ∈ R 12 and s 11 ∈ R 11 . We compute 
Lemma 16. For arbitrary a 11 ∈ R 11 and b 22 ∈ R 22 , the following hold.
Proof. We only prove (i). Let c = c 11 + c 12 + c 21 + c 22 be an element of R satisfying M(c) = M(a 11 ) + M(a 22 ). For any t 11 ∈ R 11 and s 21 ∈ R 21 , we compute 
Proof. Suppose that M(c) = M(a 12 ) + M(a 21 ) for some c = c 11 + c 12 + c 21 + c 22 ∈ R. Now for arbitrary t 12 ∈ R 12 and s 11 ∈ R 11 , we have 
. By Lemma 9 and Lemma 10, we have
For any t 21 ∈ R 21 and s 12 ∈ R 12 , by Lemma 8 and equation (3), we have 
Lemma 20. For any a 11 ∈ R 11 , b 12 ∈ R 12 , c 21 ∈ R 21 , and d 22 ∈ R 22 , the following hold.
Proof. We pick f = f 11 + f 12 + f 21 + f 22 ∈ R such that
For any t 11 ∈ R 11 and s 12 ∈ R 12 , we obtain 
Proof of Theorem 3
We first show that M is additive. Let a = a 11 + a 12 + a 21 + a 22 and b = b 11 + b 12 + b 21 + b 22 be two arbitrary elements of R. We have
That is, M is additive.
We complete the proof by showing that M * is additive. For any x, y ∈ R ′ , there exist c = c 11 + c 12 + c 21 + c 22 and
. For arbitrary t ij ∈ R ij and s kl ∈ R kl (1 ≤ i, j, k, l ≤ 2), using the additivity of M, we compute Letting i = j = k = 1 and l = 2 in equality (5), we get Proof. Since R is prime, it is easy to check that condition (P) of Theorem 3 holds true. Now the proof goes directly.
